Abstract. In this work we introduce a new class of lowest order methods for diffusive problems on general meshes with only one unknown per element. The underlying idea is to construct an incomplete piecewise affine polynomial space with optimal approximation properties starting from values at cell centers. To do so we borrow ideas from multi-point finite volume methods, although we use them in a rather different context. The incomplete polynomial space replaces classical complete polynomial spaces in discrete formulations inspired by discontinuous Galerkin methods. Two problems are studied in this work: a heterogeneous anisotropic diffusion problem, which is used to lay the pillars of the method, and the incompressible Navier-Stokes equations, which provide a more realistic application. An exhaustive theoretical study as well as a set of numerical examples featuring different difficulties are provided.
Introduction
Lowest order methods for diffusive problems on general meshes have received an increasing attention over the last few years. The interest of general meshes is multi-fold. On the one hand, allowing general polyhedral elements may ease the discretization of complex domains, and is beneficial in the context of aggregative multigrid strategies. On the other hand, it is a mandatory requirement whenever the user cannot adapt the mesh to the needs of the numerical scheme. This is the case, e.g., in the context of computational geosciences, where the discretization of the subsoil integrates the effects of erosion and sedimentation, and is usually developed in a separate stage. In what follows we briefly recall some facts that are instrumental to the class of methods proposed in this paper. It is a well known fact that the classical two-point finite volume (FV) method is inconsistent on non diffusion-orthogonal meshes. In the context of reservoir simulation, a successful attempt to adapt FV methods to general meshes and full diffusion tensors has been independently proposed in the 90s by Aavatsmark et al. [1, 2] and by Edwards and Rogers [28, 29] . These methods are usually referred to as multi-point since the main idea is to express consistent numerical fluxes using a larger stencil than in the classical two-point FV method. In this paper we borrow some ideas from the recent multi-point scheme of
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Aavatsmark et al. [3] , where the authors propose a compact construction to derive a consistent multi-point flux approximation honoring the heterogeneity of the diffusion tensor. A convergence analysis of the L-construction proposed therein has been recently carried out by Agélas et al. [4] . The main drawback of multi-point FV methods is related to the difficulty in finding easily computable stability conditions. A possible remedy to the lack of stability in multi-point methods has been proposed independently by Brezzi et al. [11, 12] (mimetic finite difference methods, MFD) and by Eymard et al. [26, 33] (mixed/hybrid finite volume methods, MHFV). Both classes of schemes are inspired from the variational form of the problem as in finite element (FE) methods rather than from local balances as in FV methods. The unconditional stability of both MFD and MHFV methods results from stabilization terms incorporated in the discrete bilinear form. Also, in both cases auxiliary face unknowns are added, which can be in some cases related to the enforcement of a flux conservation constraint as in the mixed FE method. A way to eliminate face unknowns has been proposed in [33] , where it is suggested that a barycentric interpolator can be used to express face values in terms of a few neighboring cell unknowns. The main drawback of this construction is that it does not respect the heterogeneity of the diffusion tensor; moreover, the resulting method has a larger stencil compared to multi-point FV methods, which results in denser matrices as well as in the increase of data exchange in parallel implementations. The algebraic analogy between generalized versions of the MFD and MHFV methods has been recently pointed out by Droniou et al. [27] .
In this work we propose a different philosophical approach to variational lowest-order methods which is inspired by discontinuous Galerkin (dG) methods rather than mixed FEs. The motivation is twofold. A first objective is to devise a suitable framework for a multi-physics platform based on lowest-order methods. In this respect, the main requirement is to dispose of a method easily adapted to a variety of diffusive problems including, e.g., pure diffusion, diffusion-advection-reaction, linear and nonlinear elasticity as well as incompressible flows. A second important point is related to the robustness in the context of heterogeneous anisotropic diffusion, which is crucial in the field of computational geosciences. Cell centered Galerkin (ccG) methods have been introduced in [20, 21] with application to a homogeneous diffusion problem. The main idea of ccG methods is to build an incomplete space of piecewise affine functions related to a given vector of degrees of freedom (DOFs) on the mesh T h . In this work we consider, in particular, ccG methods with cell unknowns only, i.e., the vector space of DOFs given by
The unknown in each mesh element T ∈ T h is interpreted as the value of the discrete function at a given point x T (the cell center). For k ≥ 0 we define the space of broken polynomials on T h of degree ≤ k, 
. In the present work, the elementary gradient is obtained in two steps: first, trace values are reconstructed from values at cell centers by means of the L-construction, then Green's formula is used to infer a local value for the gradient. Formally, this procedure amounts to defining the discrete space
The space V ccg h is then used as a test/trial space in a suitable nonconforming FE setting. In particular, since the functions in V ccg h are discontinuous across mesh interfaces, the discrete setting largely borrows from dG methods. We consider two applications to problems naturally set in H 1 (Ω): a homogeneous anisotropic scalar diffusion problem and the incompressible Navier-Stokes equations. The scalar diffusion problem offers a simplified context to outline the main ideas of the method. The convergence analysis is here discussed in detail. In particular, we show that both classical dG arguments relying on error estimates [7] and compactness arguments inspired by [32, 33] apply. For the latter point, a key remark is that the functional analytic results for broken polynomial spaces derived independently by Di Pietro and Ern [22] and Buffa and Ortner [14] hold a fortiori since V ccg h ⊂ È 1 d (T h ). In the context of h-convergence analysis the main technical issue is related to the approximation properties of the V ccg h space. The application to the incompressible Navier-Stokes equations provides a nonlinear case study to illustrate how a ccG method can be derived from an existing dG method.
The material is organized as follows: in Section 2 we discuss the discrete setting, provide a careful description of admissible mesh sequences in arbitrary space dimension, introduce the L-construction, and define the ccG space used throughout the rest of this work. Some functional analytical results are also recalled; in Section 3 we show an application of the ccG method to a heterogeneous anisotropic diffusion problem, derive basic error estimates and carefully study convergence rates. The main sources of inspiration are here the work of Arnold [6] on the weak enforcement of boundary and interface conditions and that of Di Pietro et al. [25] on the robust handling of heterogeneous anisotropic diffusion tensors. To infer convergence rates we study the approximation properties of the space V ccg h with respect to the energy norm naturally associated to the discrete problem. In particular, we distinguish between the heterogeneous case, where optimal energy estimates are obtained for functions belonging to the space introduced and analyzed in [4] , and the homogeneous case, where weaker regularity assumptions are sufficient and L 2 -error estimates can also be derived; in Section 4 we discuss the application of ccG methods to the incompressible Navier-Stokes equations inspired from the dG scheme of [22] . In this case, a H 1 -stability result for ccG spaces is crucial to infer the stability of the velocity-pressure coupling. The analysis closely follows the guidelines of [22] ; finally, in Section 5 we present numerical results to assess the theoretical study for both problems at hand.
The ccG space

Discrete setting
Closely following [24] , Chapter 1, we introduce the concept of admissible mesh sequence of a bounded con-
+ denote a countable set having 0 as its unique accumulation point. For all h ∈ H we denote by T h a finite collection of nonempty, disjoint open polyhedra T h = {T } forming a partition of Ω such that h = max T ∈T h h T , with h T denoting the diameter of the element T ∈ T h . Mesh nodes are collected in the set N h . We say that a hyperplanar closed subset F of Ω is a mesh face if it has positive (d−1)-dimensional measure and if either there exist 
Similarly, for all F ∈ F h , we define
The set T F consists of exactly two mesh elements if F ∈ F i h and of one if F ∈ F b h . For all mesh nodes P ∈ N h we define
For every interface F ∈ F i h we introduce an arbitrary but fixed ordering of the elements in T F and let n F = n T1,F = −n T2,F , where n Ti,F , i ∈ {1, 2}, denotes the unit normal to F pointing out T i ∈ T F . For all T ∈ T h , we also introduce the symbol n T to denote the vector field such that n T |F = n T,F for all F ∈ F T . On a boundary face F ∈ F b h we let n F denote the unit normal pointing out of Ω. The barycenter of a face F ∈ F h is denoted by
Definition 2.1 (jumps and weighted averages). Let v be a scalar-valued function defined on Ω, and assume that v is smooth enough to admit on all F ∈ F h a possibly two-valued trace. To any interface F ∈ F i h with F ⊂ ∂T 1 ∩ ∂T 2 we assign two non-negative real numbers ω T1,F and ω T2,F such that
h with F = ∂T 1 ∩ ∂T 2 the jump and weighted average of v at F are respectively defined for a.e.
When v is vector-valued, the jump and average operators act component-wise. Whenever no confusion can arise, the subscript F and the variable x are omitted, and we simply write {v} ω and v . Moreover, in the classical case ω T1,F = ω T2,F = 1 /2 we also omit the subscript ω and write {v} instead of {v} ω . The use of weighted averages in dG methods has been pointed out and used in various contexts, e.g., by Stenberg [42] and by Heinrich and Pietsch [36] . Definition 2.2 (matching simplicial submesh). Let T h be a general mesh. We say that S h is a matching simplicial submesh of T h if (i) S h is a matching simplicial mesh, (ii) for all T ∈ S h , there is only one T ∈ T h such that T ⊂ T , (iii) for all F ∈ F h , the set collecting the mesh faces of S h , there is at most one F ∈ F h such that F ⊂ F . Definition 2.3 (shape-and contact-regularity). We say that the mesh sequence
is shape-and contact-regular if for all h ∈ H, T h admits a matching simplicial submesh S h such that (i) the mesh sequence (S h ) h∈H is shape-regular in the usual sense of Ciarlet [18] , meaning that there is a parameter
where h T is the diameter of T and δ T the radius of the largest ball inscribed in T , (ii) there is a parameter 2 > 0 independent of h such that for all T ∈ T h and for all T ∈ S T ,
The following result is proven as in [24] , Lemma 1.41.
Lemma 2.4 (bounds on geometric quantities). Let T H be a shape-and contact-regular mesh sequence. Then, for all h ∈ H and all T ∈ T h , (i) the number of mesh faces belonging to the boundary of an element is uniformly bounded in h,
For all h ∈ H and k ≥ 0, we consider the broken polynomial spaces È k d (T h ) defined by (1.1). Broken polynomial spaces are a special instance of broken Sobolev spaces: for all k ≥ 1,
The shape-and contact-regularity of the mesh sequence T H are essential to infer the following results; see, e.g., [24] , Lemmatas 1.46 and 1.49.
Lemma 2.5 (trace inequalities). Let T H be a shape-and contact-regular mesh sequence. Then, for all h ∈ H, all T ∈ T h , and all
F ∈ F T , ∀v h ∈ È k d (T h ), v h L 2 (F ) ≤ C tr h − 1 /2 F v h L 2 (T ) , (2.4) ∀v ∈ H 1 (T h ), v L 2 (F ) ≤ C tr,c h −1 T v 2 L 2 (T ) + h T |v| 2 H 1 (T ) 1 /2 ,(2.
5)
with C tr and C tr,c independent of the meshsize h but depending on the polynomial degree k.
The following property is necessary to obtain optimal estimates of the convergence rate.
Definition 2.6 (optimal polynomial approximation). We say that the mesh sequence T H has optimal polynomial approximation properties if for all h ∈ H, all T ∈ T h , and all polynomial degree k ≥ 0, there is a polynomial p
with C app independent of both T and h.
The approximation property is a consequence of the Bramble-Hilbert lemma (see, e.g., [10] , Lem. 4.3.8) for mesh sequences featuring general elements whose chunkiness parameter is bounded from above uniformly with respect to h. We recall that the chunkiness parameter is defined for an element T ∈ T h , h ∈ H, as the ratio h T /r max,T , where r max,T := sup{r ∈ Ê + | T is star-shaped with respect to a ball of radius r}. Using the optimality of the L 2 -orthogonal projection in the L 2 -norm, one can easily infer that the L 2 -orthogonal projection has optimal polynomial approximation properties on mesh sequences with optimal approximation properties; see [24] , Lemma 1.58. In what follows, we mainly use the optimal polynomial approximation for polynomial degrees up to 1. Higher polynomial degrees are only needed in view of k-adaptivity; cf. Remark 2.13.
In order to obtain a piecewise affine representation, we associate the unique degree of freedom of each element to a point inside the cell. Definition 2.7 (cell centers). Let T H be a shape-and contact-regular mesh sequence. We say that T H admits a set of cell centers if (i) for every T ∈ T h there exists a point x T such that T is star-shaped with respect to x T (the cell-center ) and (ii) there exists 3 > 0 such that for all h ∈ H, all T ∈ T h , and all F ∈ F T ,
(2.6) Definition 2.8 (admissible mesh sequence). We say that the mesh sequence T H is admissible if it is shape-and contact-regular, it possesses optimal approximation properties, and it admits a set of cell centers.
In what follows we always work with admissible mesh sequences. For the sake of brevity, this assumption is understood in most of the cases. Admissible mesh sequences include general polyhedral discretizations with possibly nonconforming interfaces; see Figure 1 for an example. For all h ∈ H we can define a pyramidal submesh of T h as follows:
where, for all T ∈ T h and all F ∈ F T , P T,F denotes the open pyramid of apex x T and base F , i.e.,
The pyramids {P T,F } T ∈T h , F ∈FT are non-degenerated owing to assumption (2.6). Since faces are planar, for all T ∈ T h and all F ∈ F T there holds and, for all T ∈ T h ,
The L-construction
In this section we briefly recall the L-construction originally introduced in [3] and analyzed in [4] ; see also Cao et al. [17] . This construction is an important ingredient in the definition of the ccG spaces presented in this work. Let P Ω denote a given partition of Ω into bounded connected polyhedral domains corresponding, e.g., to regions with different physical properties. When considering refined mesh sequences T H , throughout the rest of this work we understand the following assumption, which is stated once and for all for the sake of conciseness.
Assumption 2.9 (mesh compatibility). For all h ∈ H, T h is compatible with the partition
denote a symmetric, uniformly elliptic tensor field piecewise constant on P Ω . Clearly, owing to Assuption 2.9, κ is such that
We assume that the spectrum of κ(x) is bounded from below by λ for a.e. x ∈ Ω and we let λ :
We also denote by κ 1 /2 the piecewise symmetric, uniformly elliptic tensor field such that κ 1 /2 κ 1 /2 = κ in Ω. For all F ∈ F h and all T ∈ T F we denote the diffusion coefficient in the normal direction by
The key idea of the L-construction is to use d cell and boundary face values (provided, in this case, by a homogeneous boundary condition) to express a continuous piecewise affine function with continuous diffusive fluxes. The values are selected using d neighboring faces belonging to a cell and sharing a common vertex. More precisely, we define the set of L-groups as follows:
with F T given by (2.1) and F P and T P given by (2.2). For each g ∈ G we select a primary element T g such that g ⊂ F Tg ; see Figure 2a . Such an element may not be unique as non-convex elements are allowed. We let, for the sake of brevity, It is also useful to introduce a symbol for the set of cells concurring in the L-construction as well as for the union of the pyramids based on the group faces (see Fig. 2 ): For all g ∈ G,
The patch P g is shaded in the right panel of Figure 1 and in Figure 2b . Let now g ∈ G. In what follows, for any
affine inside every pyramid in the the family {P T,F } F ∈g, T ∈TF and such that:
v h is affine inside the primary element T g and it is continuous across every interface in the group: for all
(The quantities in both sides are constant since ξ g v h is piecewise affine and the face F is planar.) The following result is instrumental to derive approximation properties for the ccG space.
Proposition 2.10 (L-construction).
For all v h ∈ Î h and all g ∈ G, there holds 
Proof. See [4] , Lemma 3.1.
In order to express ξ g v h terms of the values {v T } T ∈Tg , the matrix A g must be invertible. Simple sufficient inversibility conditions are discussed in what follows. In practice, however, the inversibility can be checked directly, and backup strategies can be devised; see Remark 2.12.
The ccG space
In this section we introduce a ccG space based on the L-construction and on a local gradient inspired by Green's formula. For a face F ∈ F i h , let G F denote the set of L-groups containing F ,
Assumption 2.11 (existence of an L-group leading to an invertible matrix for each interface). We assume that, for all F ∈ F i h , G F is non-empty and there exists g ∈ G F such that the matrix A g defined by (2.11) is invertible.
For the sake of simplicity, Assumption 2.11 holds tacitly from this point on. Should this not be true, backup strategies can be envisaged, as discussed in Remark 2.12. The discrete gradient is obtained as follows:
(i) For every F ∈ F i h we select a unique L-group g F yielding an invertible matrix and, for all v h ∈ Î h , we denote by ξ gF v h the piecewise affine function obtained from the L-construction and supported in the patch P gF . Whenever more than one such group is present, we select g ∈ G F for which A −1 g 2 is minimal (this ensures the best approximation properties; see Lem. 3.6 and Assumption 3.7). For convenience of notation, for all boundary faces F ⊂ ∂T ∩ ∂Ω we introduce the affine function ξ
Such a function is well-defined since faces are planar and cell centers cannot lie on cell boundaries.
(ii) We then define the trace reconstruction operator
d is defined following Droniou and Eymard [26] as the application
where we have set
The expression (2.13) is inspired by Green's formula. As such, v F has to be related to the average on the face F . For affine functions, the average coincides with the barycentric value, thereby justifying the choice in (2.12).
The linear reconstruction operator
leading to the ccG space is finally defined as the mapping
In the above formula, v T is interpreted as the point value in x T . The incomplete polynomial space V ccg h upon which the ccG method relies is the image of the vector space of degrees of freedom
Proceeding by contradiction, it is a simple matter to prove that R is contained in the larger broken Sobolev space H 1 (T h ).
Remark 2.12 (backup strategies)
. Numerical evidence [3, 4] shows that Assumption 2.11 is true in most circumstances. In the presence of highly heterogeneous diffusion tensors or for extremely deformed meshes, it may occur, however, that no L-group yielding an invertible matrix can be found for some interfaces. In this case, several backup strategies are possible, and the choice can be mostly guided by the implementation at hand. We mention two possibilities, although others are possible. A first strategy relying on the tight link of ccG methods to dG methods consists in using a full È 1 d basis on the mesh elements which have at least one face for which no invertible L-group exists. This results in a local increase of the number of unknowns but yields a completely robust method. Whenever exactly one unknown per cell is allowed, the L-construction can be replaced by the barycentric interpolator of [33] , Section 2.2. The method can then be constructed provided the d points involved in the barycentric interpolation form a non-degenerate simplex (an extremely mild mesh regularity assumption). In this case, however, a local loss of precision may be observed as the barycentric interpolator does not honor the heterogeneity of κ. We emphasize that no backup strategy whatsoever was required in the numerical examples of Section 5.
Remark 2.13 (k-adaptivity).
In the spirit of the previous remark, the polynomial degree can be adapted in ccG methods by using full polynomial spaces inside selected elements. This is naturally handled whenever the discrete formulation relying on the ccG space is inspired by a dG method, as is the case for all the examples provided in this work.
Discrete functional analysis
This section collects some discrete functional analysis results that are used in the rest of the paper. The material is mainly adapted from [22] , Section 6, to which we refer for further details. We state, in particular, the Sobolev embeddings for broken polynomial spaces in the Hilbertian case and the discrete counterpart of the Rellich-Kondrachov theorem. To this end, we introduce the following norm on H 1 (T h ):
where
Theorem 2.14 (discrete Sobolev embeddings, Hilbertian case). For all q such that
The constant σ q additionally depends on k, |Ω| d and on the mesh regularity parameters.
The discrete Poincaré inequality is obtained as a special case for q = 2. For a proof in the more general non-Hilbertian case we refer to [22] . Sequences in
uniformly bounded in the ||| · |||-norm possess an important compactness property which we discuss in what follows. Following the idea of Brezzi et al. [13] modified according to [5] , Section 3.1, we introduce for all F ∈ F h the local lifting operator r ω,F :
An important remark is that, for a given face F ∈ F h , the lifting operator r ω,F is supported in T ∈TF T . For further use we also introduce the global lifting
we simply write r F and R h . The lifting operators can be used to define a corrected discrete gradient accounting for the jumps across mesh interfaces and on ∂Ω. More precisely, we introduce the linear operator G ω,h :
Proof. See [22] , Section 6.
Lemma 2.16 (weak asymptotic consistency of G ω,h for sequences of discrete functions). Let
h Φ, and observe that
where we have used the definition of the L 2 -orthogonal projection, the fact that {Φ} ω = Φ on every F ∈ F h , and (2.16). Denote by T 1 and T 2 the addends in the right-hand side. Clearly, T 1 → Ω v∇·Φ. For the second term, the Cauchy-Schwarz inequality yields
, which tends to zero owing to the approximation properties of the L 2 -orthogonal projection for the smooth function Φ together with the trace inequality (2.5) and the fact that |v h | J is uniformly bounded by assumption.
It is important to observe that, since 
Pure diffusion
The discrete problem
The space V ccg h is used in this section to discretize the heterogeneous diffusion problem
with source term f ∈ L 2 (Ω). The weak form of this problem is the following: is therefore not V -conforming. In order to devise a suitable discretization, we take inspiration from the work of Arnold [6] on the weak enforcement of potential continuity across interfaces. In particular, we consider the modification proposed by Di Pietro et al. [25] in the context of degenerate diffusion-advectionreaction problems to attain robustness with respect to the diffusion tensor κ. This requires to relate the weights introduced in Definition 2.1 to the diffusion coefficient on both sides of an interface. The idea of diffusiondependent weights can be traced back to the work of Burman and Zunino [16] on mortaring techniques for a singularly perturbed diffusion-advection equation. For all
The analysis in the spirit of Céa's Lemma requires to extend the discrete bilinear form to a continuous space containing the exact solution. In order to guarantee that boundary terms remain well-defined when doing so, it is useful to introduce a space V * featuring additional local regularity with respect to V .
Definition 3.1 (space V * ). We let V * denote the subspace of V such that
with H 2 (P Ω ) spanned by the functions whose restriction to every S ∈ P Ω (with
Remark 3.2 (L 2 -regularity of traces). Using classical trace inequalities (see, e.g., Brenner and Scott [10] , Chap. 1) it is inferred that there exists C such that, for all v ∈ V * and all
that is to say, since v ∈ H 2 (T ), the gradient of v has square-integrable trace on ∂T for all T ∈ T h . This implies, in particular, that both ∇v |T ·n T and, using (2.9), (κ 1 /2 ∇v) |T ·n T have square-integrable traces on ∂T .
The space which is assumed to contain both the discrete and the continuous solution is defined as
The additional regularity assumption u ∈ V * is made in what follows to simplify the exposition and write integrals instead of duality pairings. For some details on how to relax this assumption we refer to Di Pietro and Ern [23] and references therein. Regularity results for the solution of problem (3.1) can be found, e.g., in the work of Kellogg [38] ; see also Nicaise and Sändig [40] .
We are now ready to define the bilinear form
where η > 0 denotes a user-dependent penalty parameter while γ F is such that
The penalty parameter γ F , molded after [25] , contains the harmonic averaging of the normal diffusion coefficient on both sides of an interface. This, together with the definition of the weights (3.3), ensures that the correct amount of penalization is added to control the second and third term in the right hand side of (3.4) when proving the coercivity of a h with respect to the natural energy norm defined by (3.7). As a result, the coercivity constant does not depend on κ; cf. Lemma 3.3. The discrete problem reads
Basic error estimate
We introduce the following data dependent norms on V * h :
where the jump seminorm is given by
Observe that the seminorm |·| J,κ only depends on the diffusion coefficient κ via the stabilization parameter γ F defined by (3.5). The following lemma contains some important properties of the bilinear form a h , namely consistency, coercivity and boundedness. We emphasize, in particular, the role of the choices (3.3) and (3.5) in delivering coercivity and boundedness constant that are independent of the diffusion coefficient κ.
Lemma 3.3 (properties of the bilinear form a h ). The bilinear form a h enjoys the following properties:
independent of both κ and h; (iii) boundedness. There is C bnd independent of the meshsize h and of the diffusion coefficient κ such that
Proof. We preliminarily note the following bound resulting from the Cauchy-Schwarz inequality:
(3.8) Consistency. Plugging the exact solution u into the first argument of a h and integrating by parts we obtain,
The conclusion follows using the fact that −∇·(κ∇u) = f in Ω, u = 0 for all F ∈ F h and κ∇u ·n F = 0 for all F ∈ F i h . Coercivity. It is inferred from the bound (3.8) together with the discrete trace inequality (2.4) that
Using the inequality 2ab ≤ a 2 + 1 / b 2 valid for any > 0 together with the above bound, we obtain
The desired result follows by properly selecting .
and let T 1 , . . . , T 4 denote the addends in the expression of a h (v, w h ) obtained from (3.4). Using the Cauchy-Schwarz inequality it is readily inferred that |T 1 +T 4 | ≤ (1+η)|||v||| κ |||w h ||| κ . Moreover, owing to the bound (3.8),
, and the conclusion follows.
The following result classically follows from Lemma 3.3. 
An important remark is that the error estimate in Theorem 3.4 is robust in that the multiplicative constant in the right-hand side does not depend on κ. To infer a convergence rate from Theorem 3.4 we have to study the approximation properties of the discrete space V 
Convergence rate
The heterogeneous case
We first consider the heterogeneous case and focus on exact solutions exhibiting further local regularity. For k ≥ 0 define the spaces of piecewise regular functions
classically equipped with the norm
and w C 0 (T ) := max x∈T |w(x)| for all w ∈ C 0 (T ). A proof of the following result is given in [4] , Appendix A. 
(iii) continuity of the diffusive flux at interfaces. For all S 1 , S 2 ∈ P Ω with intersection ς :
An important remark is that Q PΩ,κ is a subspace of V * , and so the assumptions required to prove the error estimate in Theorem 3.4 are met by solutions that are in Q PΩ,κ . Moreover, it is clear from Assumption 2.9 that
In what follows we denote by I ccg h : C 0 (T h ) → Î h the interpolator at cell centers which maps every function v ∈ C 0 (T h ) onto the vector
The following result is an immediate consequence of [4] , Lemma 3.3, together with the shape-and contactregularity of the mesh family T H .
Lemma 3.6 (consistency of group gradients). For all h ∈ H, all v ∈ Q PΩ,κ , and all
where v h = I ccg h (v) and C depends on κ, on the mesh regularity parameters, and on v C 2 (T h ) but not on h. In view of Lemma 3.6, we need to ensure first-order convergence of the group gradients, which requires the following assumption. For further use we introduce the following augmented version of the ||| · |||-norm on V * :
The proof of the following result, which is instrumental in estimating the convergence rate, is given in Section A.1. 
and C u results from Theorem 3.8. C additionally depends on the mesh regularity parameters but is independent of the meshsize h.
The homogeneous isotropic case
Whenever the diffusion coefficient is homogeneous and isotropic, the above results can be further refined. We assume throughout this section that
10) The more general case κ = ν1 d , ν > 0, can be handled with minor modifications. When (3.10) holds, convergence rates can be estimated with milder regularity assumptions on the exact solution, and L 2 -error estimates for the method (3.6) can be obtained by the Aubin-Nietsche trick [8, 41] . The key point is here to show how optimal convergence rates can be obtained avoiding pointwise estimations, thereby removing the need for the strong local regularity assumption u ∈ C 2 (T h ) used all along the previous section. To this end, we need to introduce further mild assumptions on the mesh family. For all faces we define a patch of pyramids on which the piecewise affine functions {ξ
} F ∈F h are required to exhibit approximation properties. More precisely, for all F ∈ F h let
with P gF defined by (2.10); see Figure 1 . 
,
Moreover, for all F ∈ F h and all T ∈ T F , h PF is bounded by h T uniformly with respect to h. Some comments are of order. We start by observing that Assumption 2.11 has a straightforward interpretation in the homogeneous case, as it amounts to requiring that, for all F ∈ F i h , there exists at least a group g ∈ G F such that the cell centers of the elements in T g and the barycenters of the faces F ∈ g b form a nondegenerate simplex S g ; see Figure 1 . Assumption 3.7 is then essentially a shape-regularity requirement on the family of simplices {S gF } h∈H, F ∈F i h . A second important remark is that, for any function v regular enough, the function ξ [30] , Ex. 1.106). In this respect, Assumption 3.10 can be regarded as a strengthening of Assumption 3.7. Indeed, Assumption 3.10 can be proven using classical FE techniques in some cases provided sufficient (geometric) regularity holds. A simple example is provided by Cartesian orthogonal grids with nonconforming local refinement and bounded difference in refinement level between neighbouring elements. As a matter of fact, in this case we have a finite number of reference configurations onto which the patches used in the L-construction can be mapped via an affine bijective mapping, and one can classically proceed using the Deny-Lions Lemma. We also emphasize that Assumption 3.10 does not necessarily follow from the approximation properties of the mesh sequence T H , since the reconstruction is grounded on the patches P F , F ∈ F h , and not on the elements of T h . The proof of the following technical result is postponed to Section A.2. 
and C depending on the mesh regularity parameters but not on h.
Definition 3.12 (elliptic regularity)
. We say that elliptic regularity holds true if there is C ell , depending only on the domain Ω, such that, for all ψ ∈ L 2 (Ω), the solution to the following problem:
with a(w, v) :
Elliptic regularity can be asserted if, for instance, the polygonal domain Ω is convex; see Grisvard [35] .
Lemma 3.13 (convergence rate, homogeneous case). Let u ∈ V be the unique solution to (3.1) and assume elliptic regularity. Then, under Assumption 3.10, there exists C independent of the meshsize h such that 
(ii) L 2 -error estimate (3.13). We only give a sketch of the proof and refer, e.g., to [7] or [24] , Chapter 4, for further details. A preliminary step consists in estimating the error in the augmented norm ||| · ||| * . To this end, remark that the bilinear form a h is coercive in V ccg h × V ccg h with respect to the augmented norm ||| · ||| * , i.e., there exists C sta such that, for all η > η and all
2 * (indeed, the ||| · |||-norm and the ||| · ||| * -norm are uniformly equivalent on V ccg h ). Also, there exists C bnd independent of the meshsize h such that, for all w, v ∈ V * h , a h (w, v) ≤ C bnd |||w||| * |||v||| * . Hence, proceeding as in Theorem 3.4 and using Theorem 3.11 we conclude that |||u − u h ||| * ≤ Ch u H 2 (Ω) with C independent of the meshsize h. Consider now the auxiliary problem (3.11) with ψ = u − u h . By the elliptic regularity assumption, there exists
. Moreover, owing to the symmetry and the consistency of a h ,
with indicating inequalities up to a multiplicative constant independent of the meshsize h. To conclude the proof, use the fact that |||u − u h ||| * ≤ Ch v H 2 (Ω) .
Convergence to minimal regularity solutions
We investigate the convergence of the method (3.6) to minimal regularity solutions, i.e., solutions that barely sit in H 1 0 (Ω). Throughout this section we restore the original assumptions on the diffusion coefficient κ, and we consider an arbitrary space dimension, i.e.
The analysis follows the ideas of Eymard et al. [32, 33] originally developed in the context of FV methods and recently transposed to dG methods by Di Pietro and Ern [22] . An important remark is that the bilinear form a h admits the following equivalent form on
14)
u h v h and discrete gradients defined by (2.17). When extended to V * h × V ccg h , this alternative form is no longer consistent in the sense of point (i) in Lemma 3.3; see [22] , Remark 3.3. However, a h retains a different form of consistency which suffices to infer the convergence of the method when u only exhibits the minimal regularity. To prove the convergence of the method, we then proceed as follows: (i) using the coercivity of a h we prove a uniform bound for the ||| · |||-norm of the discrete solutions (u h ) h∈H ; (ii) by virtue of Theorem 2.15, we infer the existence of u ∈ V = H 1 0 (Ω) limit of (u h ) h∈H ; (iii) using the asymptotic consistency of a h together with the fact that Q PΩ,κ is dense in V , we conclude that u = u with u solution to (3.1) (and, by the uniqueness of u, that the convergence property extends to the whole sequence); (iv) using the above result, we prove the strong convergence of the sequence (
An important intermediate result to prove the asymptotic consistency of a h is the consistency of the discrete gradient G ω,h defined by (2.17) for the interpolates of functions in Q PΩ,κ . We first prove the following.
Lemma 3.15 (bound on global lifting). For all v ∈ V * , there holds
Proof. By definition,
For brevity of notation, for all F ∈ F
i h with F = ∂T 1 ∩ ∂T 2 , let ω i = ω Ti,F , λ Ti,F = λ i , κ i = κ |Ti ,
and
, and since 2(ω
Summing over mesh faces, and using the Cauchy-Schwarz and discrete trace inequality (2.4) we obtain
This concludes the proof.
Lemma 3.16 (strong convergence of G ω,h for smooth functions). Let ϕ ∈ Q PΩ,κ and set
Proof. The triangular inequality yields
Using Theorem 3.8 it is readily inferred that T 1 → 0 as h → 0. For the second term, use Lemma 3.15 together with the fact that ϕ F = 0 on every F ∈ F h to infer
and the right-hand side tends to zero as h → 0 again by virtue of Theorem 3.8. This concludes the proof.
We are now ready to prove the following. 
Lemma 3.17 (asymptotic consistency of the bilinear form a h
Clearly, as h → 0, T 1 → Ω κ∇v·∇ϕ owing to the weak convergence of G ω,h (v h ) to ∇v stated in Lemma 2.16 and to the strong convergence of G ω,h (ϕ h ) to ∇ϕ proven in Lemma 3.16. Furthermore, using the CauchySchwarz inequality together with Lemma 3.15 and the fact that, for all
Since |v h | J is bounded by assumption, and since |ϕ h | J,κ = |ϕ h − ϕ| J,κ tends to zero as h → 0, it is inferred that T 2 → 0. The proof is complete.
Remark 3.18 (weakening Assumption 3.7)
. To prove the asymptotic consistency of a h , and hence the convergence to minimal regularity solutions, we only need that
gF 2 ≤ Ch − with 0 ≤ < 1 and C independent of the meshsize h. Whenever the solution exhibits sufficient regularity, however, one may wish to have = 0 to attain optimal convergence rates. For the sake of simplicity, Assumption 3.7 is required in the statements of Lemma 3.17 and Theorem 3.19, although (3.15) could have been used instead.
Theorem 3.19 (convergence to minimal regularity solutions).
Let (u h ) h∈H be the sequence of approximate solutions generated by solving the discrete problems (3.6) on the mesh sequence T H . Then, under Assumption 3.7,
Proof. We follow the four steps outlined above.
(i) A priori estimate. Owing to Lemma 3.3ii and to the discrete Poincaré inequality obtained from (2.15) with q = 2, 
(iii) Identification of the limit. Owing to the asymptotic consistency of a h proven in Lemma 3.17, for all ϕ ∈ Q PΩ,κ with ϕ h :
i.e., u solves problem (3.2) by the density of Q PΩ,κ in V stated in Theorem 3.5 and, hence, u = u. Moreover, since the solution u to problem (3.2) is unique, the whole sequence converges (which is proven by contradiction).
(iv) Strong convergence of the gradient and of the jumps. Lemma 3.15 and (3.14) yield 
Furthermore, still owing to (3.16),
This classically proves the strong convergence of
and, since η > C 
Remark 3.20 (rough forcing terms).
A possible way to handle forcing terms f in H −1 (Ω) consists in replacing the test function by an interpolate in H 1 0 (Ω) in the second member. For the sake of simplicity, assume that T h is conforming (if this is not the case, S h can be used instead) and let I Os denote the Oswald interpolator discussed, e.g., by Burman and Ern [15] . It can be proven that there exists C independent of the meshsize h such that, for all v h ∈ V ccg h , I Os v h H 1 (Ω) ≤ C sta,Os |||v h |||. We consider the following modification of the method (3.6):
Find
The a priori estimate for the discrete solutions on the admissible mesh family T H is obtained as follows:
. The argument of Theorem 3.19 then applies verbatim.
Steady incompressible Navier-Stokes equations
The continuous setting
In the second part of this work we corroborate the claim that ccG methods are easily extended to problems for which a dG scheme can be devised. Our focus is on the steady incompressible Navier-Stokes (INS) equations
where the positive real ν denotes the kinematic viscosity and f ∈ [L 2 (Ω)] d . In (4.1) and throughout this section Einstein's convention on repeated indices is adopted. The natural spaces for the weak formulation of (4.1) are
The trilinear form t includes Temam's device [43] to control the kinetic energy balance as this is needed in what follows for the asymptotic consistency of its discrete counterpart. The weak formulation of system (4.1) is:
The discrete setting
We seek a discretization of (4.2) based on the following discrete spaces:
The main difficulties in the approximation of the INS equations lie in the discretization of the velocity-pressure coupling and of the convective term. In our case, the velocity-pressure coupling is stabilized by penalizing the pressure jumps across interfaces with a weight proportional to the meshsize; see, e.g., [19] . As regards the convective term, we use the non-dissipative trilinear form recently proposed by Di Pietro and Ern [22] , which has proven suitable to convection-dominated regimes; see also Botti and Di Pietro [9] for the application to a dG discretization of the advection step in the context of a pressure-correction time-integration scheme. Since the convergence analysis is similar as for the dG method of [22] , the proofs of the results that hold a fortiori are sometimes omitted to leave room to specific issues related to the ccG method.
Velocity-pressure coupling
The velocity-pressure coupling is based on the bilinear form
A useful equivalent form for b h can be inferred introducing the discrete divergence operator
The subscript ω has been omitted from discrete gradient since κ = ν1 d (as the kinematic viscosity is homogeneous and isotropic) implies
The discrete divergence D h is defined as the trace of G h applied to a vector function. It follows from (4.3) that
We let, for all vector functions v h ∈ U h ,
As the discrete operator associated to the discrete bilinear form b h is not surjective, pressure stabilization must be introduced. To this end, we define the bilinear form s h ∈ L(P h × P h , Ê) and the associated seminorm |·| p such that
We are now ready to state the main result of this section.
Lemma 4.1 (stability of the velocity-pressure coupling). Under Assumption 3.7, there exists β > 0 independent of the meshsize h such that
Proof. In the proof we abbreviate a b the inequality a ≤ Cb where C can depend on the mesh regularity parameters and on Ω but not on the meshsize h. Owing to the surjectivity of the divergence operator from U to P , there exists C Ω > 0 uniquely depending on the domain Ω such that, for all q ∈ L 2 0 (Ω), there exists
It follows from Lemma 4.2 that |||v
Moreover, using the continuous trace inequality (2.5) together with the approximation properties of T H , it is readily proven that F ∈F
The following lemma establishes the H 1 -stability property used in the proof of Lemma 4.1. Observe that, unlike elsewhere, the degrees of freedom are here interpreted as average values over the cells, since the regularity of the function v is in general insufficient for point values to be defined inside elements. The proof is given in Section A.3.
Lemma 4.2 (H
and C is independent of the meshsize h.
A non-dissipative convective trilinear form
The discrete convective trilinear form
The following lemma collects some important results. The proof essentially follows [22] , Proposition 5.2. In particular, the Sobolev embedding (2.15) for q = 4 is required, which limits the space dimension to d ∈ {2, 3}.
Lemma 4.3 (properties of the trilinear form t h ). For all h ∈ H, let
The trilinear form t h defined by (4.6) enjoys the following properties:
, where (v, v, w) , with both v, w ∈ U resulting from Theorem 2.15.
The discrete problem reads
) and we have set κ = ν1 d in the expression of a h .
Convergence
We study the convergence of the method (4.7) in the spirit of Section 3. a solution to (4.7) ). There exists (u h , p h ) ∈ X h solution to (4.7).
Proof. The proof is based on a topological degree argument and it follows [22] , Proposition 5.1. The use of a topological degree argument to assert the existence of a discrete solution can be traced back to Eymard et al. [34] .
The first step in the convergence proof is to derive a uniform a priori estimate on a suitable norm of the discrete solution. This estimate is used to infer a compactness property for the sequence of discrete solutions. To this end, we introduce the following norm on X h :
Lemma 4.6 (a priori estimate). There exists γ > 0 independent of the meshsize h such that
where C bnd,t results from Lemma 4.3ii, C sta is the coercivity constant of a h , and σ 2 results from Theorem 2.14.
Proof. The proof proceeds along the lines of [22] , Lemma 5.1. The details are omitted for the sake of brevity. (ii) Identification of the limit and convergence of a subsequence.
Theorem 4.7 (convergence). Let ((u h
Clearly, as h → 0, the right-hand side tends to Ω f ·Φ. Furthermore, by virtue of Lemma 3.17, the first term in the left-hand side converges to a(u, Φ) = Ω ν∇u i ·∇Φ i . Using (4.4), the second term can be written as
Owing to the weak convergence of (p h ) h∈H to p in L 2 (Ω) and to the strong convergence of (
owing to Lemma 4.4ii and (ϕ h ) h∈H strongly converges to ϕ in L 2 (Ω). Furthermore, using the a priori Owing to the nondissipativity of t h , and recalling (3.14)
. , d} and that
In the rest of the proof we abbreviate a b the inequality a ≤ Cb with C independent of the meshsize h. Proceeding as in the proof of Lemma 4.1 yields 
Owing to the uniqueness of the limit in the distribution sense, it is inferred that ∇·v = p. There holds
Owing to the strong convergence of (G h 
d proven in the previous point together with the weak convergence of (G h 
, which converges to zero. Owing to Lemma 4.3iv, T 3 → t (u, u, v) . Finally, since T 4 → Ω f ·v, the strong convergence of the pressure in L 2 classically follows from
Numerical examples
Pure diffusion
Anisotropy. To investigate the behaviour of the method (3.6) for anisotropic diffusion tensors we consider the following exact solution to problem (3.2) in d = 2:
with anisotropy ratio = 10 −3 . The discrete problem is solved on the Kershaw mesh sequence 4.2 of the FVCA5 benchmark [37] (cf. Fig. 3a) , and the results are listed in Table 1 . Besides the errors in the L 2 -and Table 1 . Anisotropic test case. energy-norms, Table 1 lists the maximum · ∞ -norm of the matrices defined by (2.11) as well as the number of conjugate gradient iterations with AMG preconditioner required to solve the linear system. An inspection of column 6 shows that Assumption 3.7 is satisfied since the largest norm of the matrices involved in the local construction remains almost constant when refining the mesh. Here and in what follows, we estimate the order of convergence as
, where e 1 and e 2 denote, respectively, the discretization errors on T h1 and T h2 , h 1 , h 2 ∈ H. Heterogeneity. To assess the behaviour of the method with respect to the heterogeneity of the diffusion tensor we consider the solutions proposed in [3] , Section III. The domain Ω = (0, 1) 2 is partitioned into four areas corresponding to different values of the diffusion coefficient κ as depicted in Figure 3b , and we consider a sequence of meshes matching Assumption 2.9; see Figure 3c . The permeability coefficient is such that κ |S1 = k 1 1 d and 
Using polar coordinates (r, θ) with θ = cos −1 (x/r) and origin at the center of Figure 3b , the first solution is given by
where α = 3 /π tan −1 ( 1 + 2 / ), β = cos(α π /3)/ cos(2α π /3) and = k 1 /k 2 is the heterogeneity ratio taken equal to 0.1. It can be proven that u ∈ H 2.29 (Ω). The convergence results for this case are collected in Table 2 . A second solution with less regularity is the following:
where now α = 3 /π tan −1 ( √ 1 + 2 ), β = (2 cos(α π /3)) −1 and, as before, = k 1 /k 2 = 0.1. In this case, u ∈ H 1.79 (Ω). The convergence results collected in Table 3 show, in particular, that the order of convergence remains optimal even for solution that do not sit in H 2 (Ω). To conclude, we consider a solution with an even stronger singularity at the origin. In this case κ |S1 and κ |S3 are constant and equal to k 1 1 d whereas κ |S2 and κ |S4 are constant and equal to k 2 1 d . This solution satisfies u(r, θ) = −u(r, θ − π) for θ ∈ [0, π) and reads Table 4 . Similar considerations as for the test case (5.3) hold.
Steady incompressible Navier-Stokes equations
The Kovasznay problem. To verify the asymptotic convergence properties of the method (4.7), we consider Kovasznay's analytical solution of the INS equations [39] on the square domain Ω = (−0.5, 1.5) × (0, 2), Table 5 . Convergence results for the Kovasznay problem. 
920735694 ensures the zero mean constraint for the pressure, ν = 3π, and f = 0 (the solution is nontrivial albeit f = 0 since the boundary condition is non homogeneous). The example is run on a family of uniformly refined triangular meshes with mesh sizes ranging from 0.5 down to 0.03125. According to Table 5 , the errors |||u − u h ||| ns and p − p h L 2 (Ω) converge to first order, while second order is
The lid-driven cavity problem. To assess the behavior of the method in more complex situations we consider the classical lid-driven cavity problem. Despite its simple geometry, at large Reynolds numbers this problem presents complex flow patterns with counter-rotating vortices of significantly different scale. The domain is here the unit square with imposed horizontal velocity on the upper side and zero velocity on the others. In Figure 5 we provide the values of the velocity components on the centerlines of the domain. For the sake of completeness, we compare against the method of [22] with piecewise linear approximations of the velocity and the pressure. In both cases a uniform 128 × 128 Cartesian orthogonal mesh is used. The reference data of Erturk et al. [31] are also included for comparison. The proposed method shows essentially the same accuracy as the dG method of [22] at Re = 1000. To observe more sizable differences, we also present the results for Re = 5000 on the same mesh. In this case, where a slight loss of accuracy can be observed towards the boundaries of the domain.
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A. Technical results
A.1. Proof of Theorem 3.8
We start by proving the following technical result. 2 v C 2 (T ) . The conclusion follows from Lemma 3.6. We are now ready to prove Theorem 3.8. The proof closely follows that of [5] , Lemma 3.10. Since it is clear that |||w||| κ, * ≤ λ 1 /2 |||w||| * for all w ∈ H 1 (T h ), we only show the second inequality in (3.9). In the rest of the proof we abbreviate a b the inequality a ≤ Cb where C can depend on κ, on the mesh regularity parameters, on Λ, and on v C 2 (T h ) . Let v ∈ Q PΩ,κ and set
For all T ∈ T h and all x ∈ T there holds
It is clear that
Using Lemma A.1 together with the geometric relation (2.8) and mesh regularity it is inferred that
As a result, T ∈T
To handle the last term, we use the magic formula [5] , equation (33) : for all T ∈ T h and all x ∈ T , 1
where δ ij is Kronecker's symbol. By virtue of (A.1), there holds
Proceeding as for T 2 , we easily infer that
(ii) Estimate of the remaining terms in ||| · ||| * . By the continuous trace inequality (2.5),
On the other hand, for all T ∈ T h , expanding v at x T and using the previous point to estimate For the first term it suffices to use Assumption 3.10 to infer
To estimate the second term, preliminarily observe that, for all T ∈ T h , T (x)} T ∈Tg equal to the barycentric coordinates of x with respect to the simplex S g (cf. Fig. 1 ). Clearly, there exists C Λ < +∞ depending on Λ in Assumption 3.7 and on the mesh regularity parameters but independent of h such that max x∈F max T ∈Tg |τ F T (x)| ≤ C Λ . Hence, for all F ∈ F i h , using the triangular inequality, the continuous trace inequality (2.5), and (A.6) we infer
T |v| H 1 (T ) . v H 1 (Ω) . (ii) Bound for T 2 . Using the fact that v F (x) = 0 for all F ∈ F h and all x ∈ F together with the continuous trace inequality (2.5) and the bound (2.3) there holds
On boundary faces F ∈ F
To estimate the first term, use (2.14) together with the approximation properties of T h to infer, for all T ∈ T h ,
Using point (i) it is inferred that T 
